In this paper, we construct one-parameter families of new extrinsic differential geometries on spacelike submanifolds of codimension two in Lorentz-Minkowski space.
open unit disk in the (x, y) plane with Riemannian metric : ds 2 = 4(dx 2 + dy 2 )/(1 − x 2 − y 2 ) 2 . It is conformally equivalent to Euclidean plane, so that a circle in Poincaré disk is also a circle in Euclidean plane. A geodesic in Poincaré disk is an Euclidean circle perpendicular to the ideal boundary (i.e., unit circle). If we adopt geodesics as lines in Poincaré disk, we have the model of Hyperbolic geometry. We have another class of curves in Poincaré disk which has an analogous property with lines in Euclidean plane. A horocycle is an Euclidean circle which is tangent to the ideal boundary. We remark that a line in Euclidean plane can be considered as a limit of circles when the radii tends to infinity. A horocycle is also a curve as a limit of circles when the radii tends to infinity in Poincaré disk. Therefore, horocycles are also an analogous notion of lines. If we adopt horocycles as lines, what kind of geometry do we obtain? We say that two horocycles are parallel if they have common tangent point at ideal boundary. Under this definition, the axiom of parallel is satisfied. However, for any two points in the disk, there are always two horocycles passing through the points, so that the axiom 1 of Euclidean Geometry is not satisfied. In the case of general dimensions, we call this geometry a horospherical geometry. However, we have another kind of curves with the properties similar to those of Euclidean lines. A curve in Poincaré disk is called an equidistant curve if it is a circle whose intersection with the ideal boundary consists of two points. Generally, the angle between an equidistant curve and ideal boundary is φ ∈ (0, π/2]. A geodesic is a special case of the equidistant curves with φ = π/2. A horocycle is not an equidistant curve, but it is a circle with φ = 0. In [2] , one-parameter families depending on φ of the extrinsic differential geometries on spacelike hypersurfaces in Hyperbolic space and de Sitter space were investigated. We call them slant geometry of spacelike hypersurfaces in Hyperbolic space and de Sitter space. Moreover, slant geometry of spacelike hypersurfaces in the lightcone was considered in [13] .
In this paper, we study some local properties of slant geometry on spacelike submanifolds of codimension two in Lorentz-Minkowski space. Thus, the results which were given in [2] , [12] and [13] are special cases of our results. On the other hand, we generalize some of the results which were obtained in [10] .
Basic notions
In this section, we give some basic notions related with Lorentz-Minkowski space. Let R n+1 = {(x 0 , x 1 , . . . , x n ) | x i ∈ R, i = 0, 1, . . . , n} be an (n + 1)-dimensional real vector space. For any vectors x = (x 0 , x 1 , . . . , x n ) and y = (y 0 , y 1 , . . . , y n ) in R n+1 , the pseudo scalar product of x and y is defined by x, y = −x 0 y 0 + n i=1 x i y i . The space (R n+1 , , ) is called LorentzMinkowski (n + 1)-space and denoted by R (1), we usually write S n 1 . For φ ∈ [0, π/2], we call H n (− sin 2 φ) (respectively, S n 1 (sin 2 φ)) φ-hyperbolic space (respectively, φ-de Sitter space) (see [2, 12, 13] ). We remark that H n (− sin 2 0) \ {0} = S n 1 (sin 2 0) \ {0} = LC * . Throughout our paper, if φ = 0, we will deal with LC * , that is we will not consider the vector 0 ∈ R n+1 1 . Now, we construct the basic tools for the study of slant geometry on spacelike submanifolds of codimension two in R n+1 1
. We consider the orientation of R n+1 1 by the volume form l 0 ∧ l 1 ∧ · · · ∧ l n , where {l 0 , l 1 , . . . , l n } is the dual basis of the canonical basis {e 0 , e 1 , . . . , e n }. And also we give R n+1 1 a timelike orientation by choosing e 0 = (1, 0, . . . , 0) as a future timelike vector field.
be a spacelike embedding for an open subset U ⊂ R n−1 . We identify M with U through the embedding X and write M = X(U ). Since X is a spacelike embedding, for any point p = X(u) ∈ M , the tangent space T p M of M at p is a spacelike subspace. In this case, it follows that the normal space N p M is a timelike plane, (see [27] ). So, we can choose a future directed timelike unit normal vector n T (u) ∈ N p M . We say that n T (u) is future directed if n T (u), e 0 < 0. Now, we define a spacelike unit normal vector n
Here, n T (u), n T (u) = −1, n T (u), n S (u) = 0 and n S (u), n S (u) = 1. We remark that n T ±n S are lightlike and the directions of n T ±n S are independent of the choice of n T (cf. [10] ). We could also choose −n S (u) as a spacelike unit normal vector with the above properties. But throughout our paper, we fix the direction of n S (u). Then {n T , n S } is called a future directed normal frame along M = X(U ), [10] . Taking into account these, the lightlike geometry on spacelike submanifolds of codimension two in Lorentz-Minkowski space was constructed in [10] . This geometry is an extrinsic geometry such that the lightlike vector fields n T ± n S play a similar role as the Gauss map of a hypersurface in Euclidean space. If we choose n T (respectively, ±n S ) as the Gauss map, we can construct an extrinsic geometry according to n T (respectively, ±n S ) which is analogous to Euclidean case [26] . In this paper, we construct one-parameter families of extrinsic geometries between the lightlike geometry depending on n T + n S and the geometry according to n S (respectively, n T ).
3 Spacelike slant geometry on spacelike submanifolds of codimension two
In this section, we construct spacelike slant geometry on spacelike submanifolds of codimension two in Lorentz-Minkowski space.
Let take cos φn
) are spacelike (respectively, lightlike) normal vectors, where u ∈ U . We choose cos φn T + n S (respectively, n T + n S ) as a spacelike (respectively, lightlike) normal vector field along M for φ ∈ (0, π/2] (respectively, φ = 0). We call cos φn T + n S φ-de Sitter Gauss map of M .
At each point p = X(u) ∈ M , we consider the following linear mapping
and the following orthogonal projections
We define
The linear transformations
-shape operator and φ-de Sitter normal connection of M at p. Moreover, unit normal vector field n T is said to be parallel at p if
The eigen values which are denoted by κ
And also φ-de Sitter Gauss-Kronecker curvature with respect to (n T , n S ) at p is defined as
Since X is a spacelike embedding, the induced Riemannian metric (the first fundamental form) on M is given by ds
Moreover, φ-de Sitter second fundamental invariant with respect to (n T , n S ) is defined by
Proposition 3.1 Under the above notations, we have the following:
Proof. There exist real numbers λ, µ, Γ j i such that (cos φn
Thus, we get
This completes the proof of the formula (1). The formula (2) follows from the formula (1). 2
We remark that this proposition is a generalization of Proposition 3.2 in [10] . Moreover, as a corollary of this proposition, we have the following explicit expression of φ-de Sitter GaussKronecker curvature with respect to (n T , n S ) by means of Riemannian metric and φ-de Sitter second fundamental invariant. Corollary 3.2 Under the same notations as in the above proposition, φ-de Sitter GaussKronecker curvature with respect to (n T , n S ) is given by
Proof. In terms of the formula (2) in the previous proposition, the representation matrix of φ-de Sitter shape operator with respect to the basis X u 1 , ...,
. It is clear from this fact that
Hence, φ-de Sitter second fundamental invariant at a point p = X(u) ∈ M depends only on the values cos φn T (u) + n S (u) and X u i u j (u) of the vector fields cos φn T + n S and X u i u j . And also φ-de Sitter Gauss-Kronecker curvature with respect to (n T , n S ) at p depends only on the vectors cos φn
Now, we define a φ-de Sitter height function on M = X(U ) by
Besides, we denote the Hessian matrix of φ-de Sitter height function h
Then we have the following:
As g ij is positive definite, it is obvious that ξ j = 0 (j = 1, ..., n − 1). Moreover, since v 0 ∈ S n 1 (sin 2 φ), it follows that −λ 2 + µ 2 = sin 2 φ. Thus, the proof of the first assertion is completed. 
This means that Hess
So, the second assertion follows from these formulas. (3) By means of φ-de Sitter Weingarten formula, p 0 = X(u 0 ) is a φ-de Sitter (n T , n S ) umbilic point if and only if there exists an orthogonal matrix A such that
, where U is an open subset of R n−1 , the following conditions are equivalent:
.., n − 1) at any point u ∈ U for any future directed normal frame {n T , n S } along M . As a result, from Proposition 3.1 (1), it is clear that
Moreover, as n T is a parallel vector field, it follows that cos φn
This means that φ-de Sitter Gauss map cos φn T + n S is constant. Thus, condition (1) implies condition (2) . By Proposition 3.1, condition (2) implies condition (1). Now, we assume that φ-de Sitter Gauss map cos φn T + n S is constant. Then we write (cos φn T + n S )(u) = v and consider the following function
, M is a subset of a timelike (respectively, lightlike) hyperplane HP (v, c) for φ ∈ (0, π/2] (respectively, φ = 0). This completes the proof that condition (2) implies condition (3). Now, we suppose that M is a subset of a timelike (respectively, lightlike) hyperplane
Since the vector v doesn't depend on the choices of λ and µ, we can take λ = cos φ and µ = 1. This means that cos φn
Therefore, we obtain 0 = cos φn
On the other hand, we have n
As a result, n T is a parallel vector field. Thus, we prove that condition (3) implies condition (2). 2
Proof. From the definition, we get
is a parallel vector field, from φ-de Sitter Weingarten formula, we deduce that
Hence, we can write that
for (i = 1, ..., n − 1). Consequently, it follows that
On the other hand, we have
. Therefore, we get
As (cos φn
From this equation, we have
Hence, it is found that
This completes the proof. 2
Remark 3.6 We remark that if φ = 0 in the above theorem, then M is located in LC a .
4 Spacelike slant geometry from the viewpoint of Lagrangian singularity theory
In this section, we interpret the results of Proposition 3.3 from the viewpoint of Lagrangian singularity theory. We consider the relation between the contact of submanifolds with foliations and the R + -classification of functions. Let X i (i = 1, 2) be submanifolds of R n with dim X 1 = dim X 2 and let g i : (X i ,x i ) → (R n ,ȳ i ) be immersion germs and f i : (R n ,ȳ i ) → (R, 0) be submersion germs. For a submersion germ f : (R n , 0) → (R, 0), we define the regular foliation F f by F f = {f −1 (c)|c ∈ (R, 0)}. We say that the contact of X 1 with F f 1 atȳ 1 is of the same type as the contact of X 2 with F f 2 atȳ 2 if there is a diffeomorphism germ Φ :
It is clear that in the definition, R n could be replaced by any manifold. We apply Goryunov's method [6] for R + -equivalences of function germs.
Now, we denote the set of function germs (
andf be the image of f in this local ring. Here, J k f denotes the kth power of the Jacobian ideal J f . We say that f satisfies the Milnor condition if dim R R 1 (f ) < ∞ (cf. [5] ). Thus, we have the following algebraic characterization which was given by Golubitsky and Guillemin in [5] for the R + -equivalence of function germs.
Proposition 4.2 ([5])
Let f and g be germs of functions at 0 in X satisfying the Milnor condition with df (0) = dg(0) = 0. Then f and g are R + -equivalent if and only if (1) The ranks and signatures of Hess(f )(0) and Hess(g)(0) are equal. (2) There is an isomorphism γ :
for (i = 1, . . . , n−1). This means that for φ ∈ (0, π/2] (respectively, φ = 0), the timelike (respectively, lightlike) hyperplane h
where c = X(u 0 ), v 0 . So, we call HP (v 0 , c) a tangent timelike (respectively, lightlike) hyperplane with the pseudo-normal v 0 for φ ∈ (0, π/2] (respectively, φ = 0). As we have spacelike (respectively, lightlike) directions cos φn T (u) + n S (u) (respectively, n T (u) + n S (u)) and cos φn T (u) − n S (u) (respectively, n T (u) − n S (u)) in the normal plane, we have two tangent timelike (respectively, lightlike) hyperplanes at the point p 0 depending on the direction of v 0 for φ ∈ (0, π/2] (respectively, φ = 0). Here, we choose only one of them. Let ε be a sufficiently small positive real number. For any t ∈ I ε = (c −
are pseudo-normals of the tangent timelike (respectively, lightlike) hyperplanes of X i for φ ∈ (0, π/2] (respectively, φ = 0). Then the following conditions are equivalent:
(3) (a) T he ranks and signatures of Hess(h
Now, we can interpret the meaning of the above proposition from the viewpoint of Lagrangian singularity theory. We consider v = (v 0 , v 1 , . . . , v n ) ∈ S n 1 (sin 2 φ) \ {0}. Then we have (v 1 , . . . , v n ) = (0, . . . , 0). Without the loss of generality, we assume that v 1 > 0. We choose the local coordinate neighbourhood system (V 1 + , U 1 , ψ), where Proof. We consider the local coordinate neighborhood
where X(u) = (x 0 (u), . . . , x n (u)). We define a mapping ∆H
On the other hand, the Jacobian matrix of ∆H
Now, we consider the following matrix
and use the following notations
. . .
Then we get
Consequently, we obtain
As a result, the rank of the matrix A is n − 1. If we adopt the other local coordinates, we get the similar calculations to the above. This completes the proof.
2
Now, taking into account the method of constructing a Lagrangian immersion germ from a Morse family of functions (see [1] for the details), we can give the following corollary:
Thus, it follows that Lagrangian map of L(H
Lagrangian lift of φ-de Sitter Gauss map of M . Using this, we can interpret Proposition 4.3 from the viewpoint of Lagrangian singularity theory.
Then the following conditions are equivalent:
(2) h [1, 3] . It is given in Proposition 4.3 that conditions (1) and (2) are equivalent. Moreover, from Theorem A.1, the condition (3) is equivalent to the condition (4). Furthermore, in terms of Corollary A.2, the condition (2) is equivalent to the condition (4). If we use Proposition 4.3, it follows that the condition (2) is equivalent to the condition (5) . 2 5 Timelike slant geometry on spacelike submanifolds of codimension two
In this section, we construct timelike slant geometry on spacelike submanifolds of codimension two in Lorentz-Minkowski space. Since most of the proofs are similar to those of the section 3, we omit them.
) are timelike (respectively, lightlike) normal vectors, where u ∈ U . We choose n T + cos φn S (respectively, n T + n S ) as a timelike (respectively, lightlike) normal vector field along M for φ ∈ (0, π/2] (respectively, φ = 0). We call n T + cos φn S φ-hyperbolic Gauss map of M .
and
And also φ-hyperbolic Gauss-Kronecker curvature with respect to (n T , n S ) at p is defined as
On the other hand, φ-hyperbolic second fundamental invariant with respect to (n
Proposition 5.1 Under the above notations, we have the following:
(1) n T + cos φn
Here,
We remark that this proposition is a generalization of Proposition 3.2 in [10] . Moreover, as a corollary of this proposition, we have the following explicit expression of φ-hyperbolic GaussKronecker curvature with respect to (n T , n S ) by means of Riemannian metric and φ-hyperbolic second fundamental invariant.
Corollary 5.2 Under the same notations as in the above proposition, φ-hyperbolic GaussKronecker curvature with respect to (n T , n S ) is given by
As −(n T +cos φn
. Hence, φ-hyperbolic second fundamental invariant at a point p = X(u) depends only on the values n T (u) + cos φn S (u) and X u i u j (u) of the vector fields n T + cos φn S and X u i u j . And also φ-hyperbolic Gauss-Kronecker curvature with respect to (n T , n S ) at p depends only on the vectors n T (u) + cos φn S (u), X u i (u) and X u i u j (u).
Now, we define a φ-hyperbolic height function on M = X(U ) by
Besides, we denote Hessian matrix of φ-hyperbolic height function h
. Then, we have the following: , where U is an open subset of R n−1 , the following conditions are equivalent:
(1) M = X(U ) is totally φ-hyperbolic flat, where n T is a parallel vector field. (2) φ-hyperbolic Gauss map n T + cos φn S is constant, where n T is a parallel vector field. (3) There exists a vector v ∈ H n (− sin 2 φ) such that M is a subset of a spacelike (respectively, lightlike) hyperplane HP (v, c) for φ ∈ (0, π/2] (respectively, φ = 0).
Remark 5.6 We remark that if φ = 0 in the above theorem, then M is located in LC a .
6 Timelike slant geometry from the viewpoint of Lagrangian singularity theory
In this section, we interpret the results of Proposition 5.3 from the viewpoint of Lagrangian singularity theory. We consider a function
for (i = 1, . . . , n − 1). This means that for φ ∈ (0, π/2] (respectively, φ = 0), spacelike (respectively, lightlike) hyperplane h
, where c = X(u 0 ), v 0 . Hence, we call HP (v 0 , c) a tangent spacelike (respectively, lightlike) hyperplane with the pseudo-normal v 0 for φ ∈ (0, π/2] (respectively, φ = 0). Since we have timelike (respectively, lightlike) directions n T (u)+cos φn S (u) (respectively, n T (u)+n S (u)) and n T (u) − cos φn S (u) (respectively, n T (u) − n S (u)) in the normal plane, we have two tangent spacelike (respectively, lightlike) hyperplanes at the point p 0 depending on the direction of v 0 for φ ∈ (0, π/2] (respectively, φ = 0). Here, we choose only one of them. Let ε be a sufficiently small positive real number. For any t ∈ I ε = (c − ε, c + ε), we have a spacelike (respectively, lightlike) hyperplane
is a family of parallel spacelike (respectively, lightlike) hyperplanes around p 0 such that h
be spacelike embedding germs with codimension two. Then we have h
Therefore, we get the following proposition as a corollary of Proposition 4.1 and Proposition 4.2. 
are pseudo-normals of the tangent spacelike (respectively, lightlike) hyperplanes of X i for φ ∈ (0, π/2] (respectively, φ = 0). Then the following conditions are equivalent: 
Now, we can interpret the meaning of the above proposition from the viewpoint of Lagrangian singularity. We consider v = (v 0 , v 1 , . . . , v n ) ∈ H n (− sin 2 φ) \ {0}. Without the loss of generality, we assume that v 0 > 0. Thus, we adopt the coordinate system (v 1 , . . . , v n ).
where X(u) = (x 0 (u), . . . , x n (u)). We define a mapping ∆H 
Now, we take into account the following matrix
Therefore, we obtain
Consequently, we get
So, the rank of the matrix A is n − 1. This completes the proof.
2
Now, by means of the method of constructing a Lagrangian immersion germ from a Morse family of functions (see [1] for the details), we can give the following corollary:
Thus, it follows that Lagrangian map of L(H
Lagrangian lift of φ-hyperbolic Gauss map of M . By using this terminology, we can interpret Proposition 6.1 from the viewpoint of Lagrangian singularity theory.
(2) h 
The proof is given by exactly same way as the proof of Theorem 4.6.
Spacial Cases
In this section, we give some special cases of our results.
The following four Legendrian double fibrations for the pseudo-spheres in Lorentz-Minkowski space were defined in [8] :
. We remark that θ i1 −1 (0) and θ i2 −1 (0)) define the same tangent hyperplane field denoted by
In terms of these Legendrian dualities, the following duality theorem was given in [8] :
Theorem 7.1 Under the above notations, (∆ i , K i ) (i = 1, 2, 3, 4) are contact manifolds such that π 1j and π ij (j = 1, 2) are Legendrian fibrations. Moreover, these contact manifolds are contact diffeomorphic to each other.
On the other hand, above Legendrian dualities were generalized into the pseudo-spheres in general semi-Euclidean space in [4] . And then, in [12] , they have been extended for oneparameter families depending on the parameter φ ∈ [0, π/2] of pseudo-spheres in LorentzMinkowski space as follows: The above two duality theorems are fundamental tools for the study of spacelike hypersurfaces in the pseudo-spheres in Lorentz-Minkowski space from the viewpoint of Legendrian singularity theory. As a result,taking into account these duality theorems, we have recently investigated slant geometry of spacelike hypersurfaces in the pseudo-spheres in Lorentz-Minkowski space in [2, 12, 13] .
On the other hand, it is known that a hypersurface in the pseudo-spheres in LorentzMinkowski space is a hypersurface of codimension two in Lorentz-Minkowski space. Consequently, we can mention about our previous results in [2, 12, 13] as special cases of this paper in the following subsections. is a unit normal vector field along M H . It was shown in [2, 12] that φ-de Sitter dual N X h (u) = X − (u) + X + (u) 2 and X d (u) = X − (u) − X + (u) 2 were defined in [8] . Here, it is obvious that X h (u) ∈ H n (−1) and X d (u) ∈ S n 1 . Moreover, it was shown in [12, 13] + instead of (respectively, n T , n S , X u i and M ), we get the results given in [12, 13] as special cases of some of our results in this paper.
Hypersurface case in Hyperbolic space
Let X − : U −→ LC * be a spacelike embedding for an open subset U ⊂ R n−1 . In this case, X + (u) can be defined as a lightlike normal vector which is called lightcone normal vector of the spacelike hypersurface M L − = X − (U ) at the point p = X − (u). It was shown in [12, 13] − instead of (respectively, n T , n S , X u i and M ), we get the results given in [12, 13] as special cases of some of our results in this paper.
